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This work considers distributed predictive control of large-scale nonlinear systems with neighbor-to-neighbor communi-
cation. It fulfills the gap between the existing centralized Lyapunov-based model predictive control (LMPC) and the
cooperative distributed LMPC and provides a balanced solution in terms of implementation complexity and achievable
performance. This work focuses on a class of nonlinear systems with subsystems interacting with each other via their
states. For each subsystem, an LMPC is designed based on the subsystem model and the LMPC only communicates
with its neighbors. At a sampling time, a subsystem LMPC optimizes its future control input trajectory assuming that
the states of its upstream neighbors remain the same as (or close to) their predicted state trajectories obtained at the
previous sampling time. Both noniterative and iterative implementation algorithms are considered. The performance of
the proposed designs is illustrated via a chemical process example. VC 2014 American Institute of Chemical Engineers
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Introduction

Large-scale, highly-integrated complex processes are
increasingly used in modern process industries in order to
get increased profits while meeting safety and environmental
regulations. Model predictive control (MPC) has been widely
used in the control of economically important units in these
large-scale processes.1 Typically, centralized MPC is not
preferred in the control of large-scale processes due to
organizational complexity, fault tolerance, as well as compu-
tational issues.2–4 For plant-wide control of large-scale proc-
esses, the decentralized MPC is one of the solutions. To
implement a decentralized MPC, a large-scale process is first
decomposed into several subsystems such that the interac-
tions between subsystems are minimized; and then a local
MPC is designed for each subsystem generally without con-
sidering the interactions (e.g., Refs. 5–7). A key feature of
decentralized MPC is that there is no or very little informa-
tion exchange between subsystem MPCs. It is well known
that the coupling between units in many processes such as
integrated process networks with large recycles cannot be
neglected8–11 and that the plant-wide performance under
decentralized control is limited because the interactions
between subsystems in general are not considered.12,13 These
considerations motivate extensive studies in the past decade
on distributed MPC (DMPC) in which subsystem MPCs
communicate with each other to exchange information to
coordinate their actions.

The available results on DMPC can be classified as nonco-
operative and cooperative algorithms based on the cost func-
tions used in the subsystem MPCs. In a noncooperative
DMPC algorithm, a subsystem MPC optimizes a local cost
function. In Ref. 14, a noncooperative DMPC algorithm for
a class of discrete-time linear systems was developed. In
Ref. 15, a DMPC design was proposed for a class of dynam-
ically decoupled nonlinear systems with coupled cost func-
tion. In Ref. 16, a DMPC for linear systems coupled through
the state was considered. In Ref. 17, a DMPC algorithm
based on dissipativity was developed for linear systems and
a robust DMPC algorithm which takes into account model
errors explicitly for linear systems was developed in Ref. 18.

In a cooperative DMPC algorithm, a global cost function
is typically used in a subsystem MPC. The concept of coop-
erative DMPC was first introduced for linear systems in Ref.
19 and was further developed in Refs. 2,20. In this coopera-
tive DMPC, a subsystem MPC needs to communicate with
all the other subsystem MPCs every sampling time and the
subsystem MPCs calculate their control actions in an itera-
tive fashion. It was proven that the performance of the coop-
erative DMPC converges to the one of the corresponding
centralized MPC as the iteration number increases. In
another series of work,21–23 sequential and iterative coopera-
tive distributed Lyapunov-based MPC (LMPC) for general
nonlinear systems were developed. In addition, algorithms
based on agent negotiation were developed for linear sys-
tems coupled through the inputs.24,25

In another line of work, efforts have been devoted to the
development of coordinated distributed MPC (CDMPC)
algorithms. A feature of CDMPC is that there is a higher
level coordinator which communicates with subsystem
MPCs and coordinates their actions. In Refs. 26,27, a price-
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driven coordination algorithm was developed for general lin-
ear systems. The price-driven coordination was extended to
handle nonlinear systems in Ref. 28. In Ref. 29, a
sensitivity-driven coordination algorithm was developed for
linear systems in which plant-wide coordination is achieved
using a linear approximation of the objective functions of
neighboring controllers within the objective function of each
subsystem MPC. In Refs. 30,31, coordinated quasi-
decentralized control schemes were developed for the control
of large-scale systems to minimize the communication
between subsystems and the coordinator while ensuring the
closed-loop stability. More complete reviews of the results
on DMPC from different perspectives can be found in Refs.
2–4.

In the above DMPC results, cooperative and coordinated
DMPC algorithms may achieve the centralized control per-
formance for linear systems which is achieved, however, at
the cost of extensive communication between all the differ-
ent subsystem MPCs or between the subsystem MPCs and
the coordinator (i.e., all-to-all communication). When all-to-
all communication is used, it could cause a high communica-
tion burden to the network especially when the system con-
sists of a large number of subsystems. Moreover, the all-to-
all communication may require significant higher mainte-
nance efforts. Motivated by the above considerations, in this
work, we develop DMPC algorithms for a class of nonlinear
systems with neighbor-to-neighbor communication in the
framework of Lyapunov-based MPC (LMPC). The neighbor-
to-neighbor communication strategy has also been adopted in
a few DMPC studies.14,15,32,33 In Ref. 14, it assumes that the
network of interactions between subsystems is sparse and it
requires that controllers in a neighborhood work sequentially.
In Ref. 15, a class of dynamically decoupled systems is con-
sidered. In Ref. 32, it considers nominal linear systems and
uses a robust MPC approach to ensure the closed-loop stabil-
ity in which at each sampling time, each subsystem sends to
its neighbors information about its predicted future trajec-
tory, and the subsystem’s actual trajectory is restricted to be
within a small neighborhood of the predicted trajectory. In
Ref. 33, a strategy to reduce the communication for a class
of linear systems in which subsystems are connected in
sequence is developed. The main differences between the
current work and Refs. 14,15,32,33 are in the following
aspects: (1) we consider a class of general nonlinear systems
and take bounded process disturbances into account; (2) an
approach which imposes constraints on the change rates of
the Lyapunov functions is developed to ensure the closed-
loop stability; and (3) both noniterative and iterative imple-
mentation algorithms are considered.

The current work fulfills the gap between the existing cen-
tralized LMPC34,35 and the cooperative distributed
LMPC21–23 and provides a balanced solution in terms of
implementation complexity and achievable performance to
plant-wide control of large-scale process systems. We note
that it is not a trivial task to design distributed LMPC based
on subsystem models and neighbor-to-neighbor communica-
tion. It requires different sets of fundamental assumptions
and poses new challenges in the design of the subsystem
MPCs as well as in the stability analysis. In the proposed
designs, each subsystem controller is designed as an LMPC
based on the subsystem model. A subsystem LMPC only
needs to communicate with its neighbors to exchange sub-
system state information. At a sampling time, a subsystem
LMPC optimizes its local future control input trajectory

assuming that the states of its upstream neighbors remain the
same as or close to their predicted state trajectories obtained
at the previous sampling time. Both noniterative and iterative
implementation algorithms are considered and sufficient con-
ditions for the closed-loop stability are derived. The effec-
tiveness and applicability of the proposed designs are
illustrated via the application to a chemical process example.

Preliminaries

Notation

Throughout this work, the operator j � j denotes the
Euclidean norm of a scalar or a vector. A continuous func-
tion a : ½0; aÞ ! ½0;1Þ is said to belong to class K if it is
strictly increasing and satisfies að0Þ50. The symbol
I denotes the set of all subsystem indices, which is defined
as I : 5f1; . . . ;mg, where m is the total number of subsys-
tems. The operator diag ðx1; . . . ; xi; . . . ; xnÞ denotes a diago-
nal matrix with its i-th diagonal element being xi. The
symbol “n” denotes set substraction such that
A n B : 5fx 2 A; x 62 Bg. The operator cat ð�Þ denotes the
concatenation of two or more vectors such that
cat ðx1; . . . ; xnÞ : 5½xT

1 ; . . . ; xT
n �

T
. Finally, the operator “3”

when used in set operations denotes the Cartesian product
such that: X13X25fðx1; x2Þ : x1 2 X1 and x2 2 X2g.

System description

We consider a class of nonlinear systems composed of m
interconnected subsystems with the i-th subsystem described
by the following state-space model

_xiðtÞ5fiðXiðtÞÞ1giðXiðtÞÞuiðtÞ1kiðXiðtÞÞwiðtÞ (1)

where i 2 I; xi 2 Rnxi denotes the state vector of subsystem i,
ui 2 Rnui denotes the control input vector of subsystem i,
and wi 2 Rnwi denotes the disturbance vector of subsystem i.
The state vector Xi is a concatenation of all the subsystem
states involved in characterizing the dynamics of subsystem i
and is defined as: Xi : 5cat ðxlÞ; l 2 Ii, where Ii denotes the
set of subsystem indices of which the corresponding subsys-
tem states are involved in Xi. Subsystem l for l 2 Iinfig is
called an upstream neighbor of subsystem i and accordingly,
subsystem i is called a downstream neighbor of subsystem l.

The model of Eq. 1 also implies that the dynamics of the
subsystems are coupled through their states only. The
dynamics of the entire system is described as follows

_xðtÞ5f ðxðtÞÞ1gðxðtÞÞuðtÞ1kðxÞwðtÞ (2)

where x 2 Rnx ; u 2 Rnu , and w 2 Rnw denote the state vector,
control input vector, and disturbance vector of the entire sys-

tem, respectively, with x5½xT
1 ; . . . ; xT

i ; . . . ; xT
m�

T ;

u5½uT
1 ; . . . ; uT

i ; . . . ; uT
m�

T
, and w5½wT

1 ; . . . ;wT
i ; . . . ;wT

m�
T
. The

functions f, g, k are compositions of fi, gi, and ki, with

f 5½f T
1 ; . . . ; f T

i ; . . . ; f T
m �

T ; g5diag ðg1; . . . ; gi; . . . ; gmÞ, and

k5diag ðk1; . . . ; ki; . . . ; kmÞ, The control input vector of sub-
system i is restricted to be in a nonempty convex set Ui

� Rnui ; i 2 I; such that

Ui : 5fui 2 Rnui : juij � umax
i g (3)

where umax
i ; i 2 I, is the magnitude of the input constraint. It

is also assumed that the disturbance vector of subsystem i is
bounded such that wi 2W; i 2 I, where

Wi : 5fwi 2 Rnwi : jwij � hwi
; hwi

> 0g (4)
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with hwi
; i 2 I, being a known positive real number. More-

over, it is assumed that fi, gi, and ki, i 2 I, are locally Lip-
schitz vector or matrix functions, and that fið0Þ50 which
implies that the origin is a steady state of the unforced nomi-
nal subsystem.

We assume that the states of the different subsystems
are sampled synchronously and periodically at time
instants ftk�0g such that tk5t01kD with t050 being the
initial time, D being a fixed time interval and k being
positive integers.

Lyapunov-based controllers

In the proposed distributed LMPC designs, an auxiliary
Lyapunov-based control law will be used in the design of
each subsystem LMPC. It is assumed that for all xl 2 Dl

where l 2 Ii and Dl is a compact set containing the corre-
sponding origin, there exists a nonlinear controller ui5hiðXiÞ
that renders the corresponding origin of the nominal subsys-
tem i, i 2 I, (i.e., subsystem (1) with wiðtÞ � 0 for all t)
asymptotically stable while satisfying the input constraints.
Note that in this assumption, the controller hi depends on
both the state of subsystem i and the states of subsystem i’s
upstream neighbors. It implies that a subsystem can be stabi-
lized using its local control input as long as the states of its
upstream neighbors are known.

Based on converse Lyapunov theorem,36 the above
assumption also implies that for each subsystem i, i 2 I,
there exists a continuous differentiable control Lyapunov
function ViðxiÞ and K functions aji, j51; 2; 3; 4, that satisfy
the following conditions

a1iðjxijÞ � ViðxiÞ � a2iðjxijÞ
@ViðxiÞ
@xi

ðfiðXiÞ1giðXiÞhiðXiÞÞ � 2a3iðjxijÞ���� @ViðxiÞ
@xi

���� � a4iðjxijÞ

(5)

and hiðXiÞ 2 Ui for all xl 2 Dl, where l 2 Ii. In the remain-
der, we will refer to a level set of ViðxiÞ in Di;X

i
qi

, as the
stability region of the closed-loop subsystem i under the
control law ui5hiðXiÞ. Specifically, the level set Xi

qi
is

defined as: Xi
qi

: 5fxi 2 Di : ViðxiÞ � qig. Accordingly, we
define the stability region of the entire system as X, which
is the Cartesian product of these stability regions as
follows

X5X1
q1

3X2
q2

. . . 3Xm
qm

(6)

Equation 6 indicates that if the state of each subsystem
lies inside its stability region: xi 2 Xi

qi
; i 2 I, then the state

of the entire system model is within X: x 2 X.
By continuity and the locally Lipschitz properties of fi, gi,

and ki with respect to their arguments and taking into
account the boundedness of the input vector ui and disturb-
ance vector wi characterized in Eqs. 3 and 4, there exits a
positive constant Mi for subsystem i, i 2 I, such that

jfiðXiÞ1giðXiÞui1kiðXiÞwij � Mi (7)

for all xl 2 Xl
ql

where l 2 Ii. In addition, by the continuous
differentiable property of ViðxiÞ, and the locally Lipschitz
properties of fi, gi, and ki, there exist positive constants
Lfi ; Lgi

, and Lwi
for subsystem i, i 2 I, such that:

���� @ViðxiÞ
@xi

fiðXiÞ2
@Viðx

0
iÞ

@xi
fiðX

0

iÞ
���� � Lfi jXi2X

0

ij���� @ViðxiÞ
@xi

giðXiÞ2
@Viðx

0
iÞ

@xi
giðX

0

iÞ
���� � Lgi

jXi2X
0

ij���� @ViðxiÞ
@xi

kiðXiÞ
���� � Lwi

(8)

for all xl; x
0
l 2 Xl

ql
where l 2 Ii.

REMARK 1. The assumption of the existence of a set of
nonlinear controllers hiðXiÞ; i 2 I, means that a controller
can stabilize its subsystem regardless of the states of its
neighbors as long as their states are known to the controller.
This assumption is different from the ones used in previous
cooperative distributed LMPC work21–23 in which a central-
ized nonlinear control law h(x) is required.

REMARK 2. Note that the asymptotic stability assumption
for the closed-loop subsystem i under the continuous control
law hiðXiÞ is based on the continuous availability of Xi(t),
The effect of sampling will be considered in the proposed
distributed LMPC design and subsequent stability analysis.

Proposed Distributed Predictive Control
Algorithm: Noniterative Approach

In this section, we discuss the proposed distributed LMPC
design for the noniterative case. To proceed, we first make
the following statements/assumptions: (1) the controller asso-
ciated with the i-th subsystem will be referred to as control-
ler i; (2) controller i, i 2 I, has immediate and direct access
to the measurements of xi; (3) all controllers are evaluated
synchronously at every sampling time; and (4) controller i,
i 2 I, can communicate with its neighbors to exchange infor-
mation. A schematic and the associated information flow of
the proposed DMPC design is shown in Figure 1. At a sam-
pling instant tk, subsystem i receives the state measurements
as well as predicted future state trajectories from its
upstream neighbors and sends its state measurement and pre-
dicted future state trajectory to its downstream neighbors.

Implementation strategy

The detailed implementation algorithm of the proposed
noniterative distributed LMPC is as follows:

Figure 1. Information flow in the proposed DMPC
design.

Subsystems l, m, n (i.e., Sl, Sm, Sn) are upstream neigh-

bors of subsystem i (Si); and subsystems o, p, q (i.e., So,

Sp, Sq) are downstream neighbors of subsystem i. ~xlðsÞ;
~xmðsÞ; ~xnðsÞ and ~xiðsÞ with s‰½tk ; tk1N� denote the pre-

dicted state trajectories of the corresponding subsystems.
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Algorithm 1. Noniterative implementation algorithm at
sampling instant tk

1. Controller i, i 2 I, receives xi(tk), and then sends xi(tk)
and the predicted state trajectory obtained at the previous
time instant tk21; ~xiðsÞ; s 2 ½tk; tk1N�, to its downstream
neighbors. Meanwhile, it receives the subsystem states
xlðtkÞ; l 2 Iinfig, and the predicted state obtained at
tk21; ~xlðsÞ; s 2 ½tk; tk1N �; l 2 Iinfig, via the communication
network from its upstream neighbors.

2. Controller i, i 2 I, evaluates its future input trajectory
based on measurement XiðtkÞ and predicted subsystem state
trajectories ~XiðsÞ. After the evaluation, controller i, i 2 I,
sends its first control input to its actuator.

In Algorithm 1, the predicted state trajectories sent from
controller i, i 2 I, to its downstream neighbors at sampling
time tk is obtained from the evaluation of controller i at the
previous sampling instant tk21. In the evaluation of a subsys-
tem controller, it assumes that the states of its upstream
neighbors will evolute as the predicted state trajectories sent
to it. Regarding the startup of Algorithm 1 (i.e., at time
instant t0), each subsystem could assume zero state for other
subsystems; that is, subsystem i, i 2 I, assumes that
~xlðtÞ50; l 2 Iinfig, for t 2 ½t0; tN �. This initialization may
affect the control performance but does not affect the stabil-
ity of the proposed design which will be made clear in the
following subsections.

REMARK 3. Compared with the cooperative DMPC, the
implementation strategy outlined in Algorithm 1 significantly
reduces the network communication in the following aspects:
(1) the communication only takes place between neighbors;
and (2) only one-sided communication is needed from an
upstream subsystem to its downstream neighbors. It is
expected that the reduction of the amount of communication in
the proposed distributed LMPC tends to be more significant
for systems with sparsely connected subsystems. However, we
note that the reduction of the amount of communication might
lead to the loss of the plant-wide control performance. We will
design the proposed distributed LMPC to ensure the closed-
loop system stability while demonstrating its performance via
simulations which is an approach that has been widely used in
studies of DMPC of nonlinear systems.

Subsystem LMPC formulation

In the proposed distributed LMPC, a subsystem LMPC is
designed based on its corresponding subsystem nominal
model. The objective of the proposed design is to collabora-
tively stabilize the entire system at the origin using
neighbor-to-neighbor communication. At a sampling time, a
subsystem LMPC uses its subsystem model to optimize its
future control input trajectory assuming that the future state
trajectories of its upstream neighbors remain the same as (or
in a small neighborhood of) the predictions. In LMPC i, the
nonlinear controller hiðXiÞ is utilized to construct a stability
constraint. These stability constraints in the m LMPCs
together ensure the closed-loop stability of the entire system.
Specifically, the proposed design of LMPC i at tk is formu-
lated as follows

u�i ðsjtkÞ5arg min
uiðsÞ2SðDÞ

ðtk1N

tk

½~xiðsÞTQi~xiðsÞ1uiðsÞTRiuiðsÞ�ds

(9a)

s:t: _~xiðsÞ5fið ~XiðsÞÞ1gið ~XiðsÞÞuiðsÞ (9b)

~XiðtkÞ5XiðtkÞ (9c)

uiðsÞ 2 Ui (9d)

@ViðxiðtkÞÞ
@xi

giðXiðtkÞÞuiðtkÞ �
@ViðxiðtkÞÞ

@xi
giðXiðtkÞÞhiðXiðtkÞÞ

(9e)

where u�i ðsjtkÞ denotes the optimal input sequence to the
optimization problem of Eq. 9, SðDÞ denotes the family of
continuous piecewise functions with sampling time D, N is
the prediction horizon, Qi and Ri are positive definite weight-
ing matrices, ~xiðsÞ; s 2 ½tk; tk1N �, is the predicted state trajec-
tory of the nominal subsystem i, and ~XiðsÞ is the
concatenated vector of ~xiðsÞ; l 2 Ii. We also denote the pre-
dicted subsystem state trajectory obtained in Eq. 9 corre-
sponding to the optimal input sequence u�i ðsjtkÞ as ~x�i ðsjtkÞ
which will be used to describe the information exchanged
between subsystems.

In the above optimization, Eq. 9a is the objective function
involving the state and input vector of subsystem i. Equation
(9b) is the nominal model of subsystem i, in which the pre-
dicted state trajectories of the upstream neighbors,
xlðsÞ; l 2 Iinfig; s 2 ½tk; tk1N �, are obtained via communica-
tion. Equation (9c) specifies the initial condition at time tk in
which xi(tk) is directly available and xlðtkÞ; l 2 Iinfig, are
obtained via communication. Equation (9d) is the constraint
on control input ui. Equation (9e) is the stability constraint
based on the nonlinear controller hiðXiÞ as well as the associ-
ated Lyapunov function Vi. The manipulated inputs of the
closed-loop system under the proposed distributed LMPC at
time tk are defined as follows

uiðtÞ5u�i ðtjtkÞ; t 2 ½tk; tk11Þ; i 2 I: (10)

After solving the optimization problem of Eq. 9, the pre-
dicted state trajectory of subsystem i is obtained as follows

~xiðsÞ5~x�i ðsjtkÞ; s 2 ½tk11; tk1N � (11a)

~xiðsÞ5~x�i ðtk1NjtkÞ; s 2 ðtk1N ; tk1N11� (11b)

This predicted trajectory ~xiðsÞ; s 2 ½tk11; tk1N11�, together
with the next measurement xiðtk11Þ, will be transmitted to
the downstream neighbors of subsystem i at sampling instant
tk11, as elaborated in Step 1 of Algorithm 1. In Eq. 11b, we
assume that the predicted state trajectory remains constant as
its last evaluated value when the prediction time goes one
sampling interval beyond the optimization window. Note
that this assumption may have a minor effect on the control
performance but does not affect the stability property of the
proposed algorithm.

Stability analysis

The proposed LMPC design of Eq. 9 is based on the con-
tinuous Lyapunov-based controller hiðXiÞ whose stability
properties are characterized in Eq. 5. The proposed LMPC
inherits the stability properties of the Lyapunov-based con-
troller when it is implemented in a sample-and-hold fashion.
In this subsection, we provide a set of sufficient conditions
for the closed-loop stability of the proposed noniterative dis-
tributed LMPC algorithm in which the effects of sampling
are explicitly characterized.

To begin with, let us consider a set of scalars qsi
with

i 2 I, such that qsi
< qi; i 2 I, and define q�i ; i 2 I, as follows
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q�i : 5max fViðxiðt1DÞÞ : ViðxiðtÞÞ � qsi
g (12)

Note that q�i is defined as the biggest possible value that
Vi may achieve in one sampling time (i.e., D) when the ini-
tial value is smaller than or equal to qsi

. Based on q�i ; i 2 I,
let us further define X* as follows

X� : 5X1
q�

1
3X2

q�
2
3 . . . 3Xm

q�m
(13)

Finally, we define MX
i ; i 2 I, such that

MX
i : 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
l2Ii

M2
l

q
(14)

where Ml, l 2 Ii, are the positive constants defined in Eq. 7.
Theorem 1 below provides a set of sufficient conditions

under which the closed-loop stability of the proposed noni-
terative distributed LMPC is guaranteed.

Theorem 1. Consider system (2) in closed-loop with each
subsystem controller designed as in Eq. 9 based on
hiðXiÞ; i 2 I, that satisfy the conditions in Eq. 5 with class K
functions aji, j51; 2; 3; 4 and i 2 I. If the distributed control-
lers are implemented following Algorithm 1 and there exist
�i > 0;D > 0, and qi > qsi

> 0 that satisfy the following
inequalities

2a3iða21
2i ðqsi

ÞÞ1ðLfi 1Lgi
umax

i ÞMX
i D1Lwi

hwi
� 2�i=D (15)

for i 2 I with Lfi ;Lgi
, and Lwi

defined in Eq. 8, and if xiðt0Þ
2 Xi

qi
and q�i < qi, then the closed-loop subsystem state xiðtÞ

2 Xi
qi

for all t � t0 and is ultimately bounded in Xi
q�

i
. This

also implies that the entire system state is always maintained
in X and is ultimately bounded in X*.

Proof. The proof is divided into two parts. In the first
part, we show that the optimization problem of Eq. 9 is fea-
sible for all xiðtkÞ 2 Xi

qi
; i 2 I. In the second part, we prove

that if the conditions in Eq. 15 hold and if xðt0Þ 2 X, then
x(t) is maintained in X and is ultimately bounded in X*.

Part 1. To prove the feasibility of the optimization prob-
lem of Eq. 9, we only have to find an input sequence that
satisfies the constraints of Eqs. 9d and 9e. Note that the con-
straint of Eq. 9e is imposed only on uiðtkÞ and that uiðtkÞ5hi

ðXiðtkÞÞ satisfies the inequality of Eq. 9e with an equal sign.
Note also that uiðtkÞ5hiðXiðtkÞÞ does not violate Eq. 9d
which is an assumed property for the Lyapunov-based con-
troller hiðXiÞ for all xlðtkÞ 2 Xl

ql
; l 2 Ii. Therefore, an input

sequence that satisfies the constraints of the optimization
problem of Eq. 9 can be found with uiðtkÞ5hiðXiðtkÞÞ, and
uiðsÞ; s5tk11; . . . ; tk1N21, being any value in the convex set
Ui.

Part 2. If the initial states of all the subsystems at time
instant tk are inside their corresponding stability regions:
xiðtkÞ 2 Xi

qi
; i 2 I. From Eq. 9e and the conditions in Eq. 5,

the following inequality can be obtained

@Vi

@xi
ðfiðXiðtkÞÞ1giðXiðtkÞÞu�i ðtkjtkÞÞ

� @Vi

@xi
ðfiðXiðtkÞÞ1giðXiðtkÞÞhiðXiðtkÞÞÞ � 2a3iðjxiðtkÞjÞ

(16)

The time derivative of the Lyapunov function ViðxiÞ of sub-
system i, i 2 I, in t 2 ½tk; tk11Þ can be evaluated as follows

_V iðxiðtÞÞ5
@Vi

@xi
ðfiðXiðtÞÞ1giðXiðtÞÞu�i ðtkjtkÞ1kiðxiðtÞÞwðtÞÞ

(17)

Combining Eqs. 16 and 17 yields the following inequality

_V iðxiðtÞÞ � 2a3iðjxiðtkÞjÞ

1
@Vi

@xi
ðfiðXiðtÞÞ1giðXiðtÞÞu�i ðtkjtkÞ1kiðxiðtÞÞwðtÞÞ

2
@Vi

@xi
ðfiðXiðtkÞÞ1giðXiðtkÞÞu�i ðtkjtkÞÞ

(18)

Applying the conditions in Eqs. 5 and 8, the following
inequality holds for all xiðtkÞ 2 Xqi

nXqsi
and xlðtkÞ 2 Xql

where l 2 Iinfig
_V iðxiðtÞÞ � 2a3iða21

2i ðqsi
ÞÞ1ðLfi 1Lgi

umax
i ÞjXiðtÞ2XiðtkÞj1Lwi

hwi

(19)

Taking into account Eq. 7 and the continuity property of
xi(t), the following bound for the state vector of each subsys-
tem i, i 2 I, within every sampling period t 2 ½tk; tk11Þ can
be established

jxiðtÞ2xiðtkÞj � MiD (20)

And the bound for the concatenated state vector Xi(t) within
every sampling period t 2 ½tk; tk11Þ can be established

jXiðtÞ2XiðtkÞj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
l2Ii

jxlðtÞ2xlðtkÞj2
s

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
l2Ii

ðMlDÞ2
s

5MX
i D

(21)

Substituting Eq. 21 into Eq. 19, we obtain the following
inequality

_V iðxiðtÞÞ � 2a3iða21
2i ðqsi

ÞÞ1ðLfi 1Lgi
umax

i ÞMX
i D1Lwi

hwi
(22)

If the condition in Eq. 15 holds, then for all xiðtkÞ 2 Xqi
n

Xqsi
and xlðtkÞ 2 Xql

where l 2 Iinfig, there exists �i > 0
such that

_V iðxiðtÞÞ � 2�i=D (23)

for t 2 ½tk; tk11Þ. The above inequality indicates that ViðxiðtÞÞ
remains decreasing for t 2 ½tk; tk11Þ. Integrating ViðxiðtÞÞ
from t 5 tk to tk11, the following inequality can be obtained
from Eq. 23

Viðxiðtk11ÞÞ � ViðxiðtkÞÞ2�i (24)

Thus, for all xiðtkÞ 2 Xqi
nXqsi

and xlðtkÞ 2 Xql
where

l 2 Iinfig, the state xi(t) converges to Xqsi
in a finite number

of sampling times without leaving the stability region Xqi
.

Once xi(t) converges to Xq�i
, it remains in Xq�i

for all time
due to the definition of Xq�i

.
Because the states of all subsystems xiðtÞ; i 2 I, are main-
tained in their corresponding stability region Xqi

for all t
> t0 and are ultimately bounded in Xq�i

, the entire system
state x is maintained in X for all time and is ultimately
bounded in X*. �

Iterative Implementation

In the previous section, a noniterative subsystem-based
distributed LMPC implementation strategy is discussed. At
each sampling time, a subsystem MPC assumes that the
states of its upstream neighbors remain the same as or close
to the predicted values at a previous sampling time. The per-
formance of the proposed distributed LMPC may be
improved by allowing the distributed controllers to exchange
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information and recalculate their actions iteratively every
sampling time. In this section, we discuss the implementa-
tion of the proposed subsystem-based distributed LMPC in
which an iterative procedure is carried out in the controller
evaluation.

Implementation strategy

The implementation strategy of the proposed iterative
subsystem-based distributed LMPC at a time instant tk is as
follows:

Algorithm 2. Iterative implementation algorithm at tk
1. Controller i, i 2 I, receives and sends xi(tk) to its down-

stream neighbors. Meanwhile, it receives the subsystem
states xlðtkÞ; l 2 Iinfig, via the communication network from
its upstream neighbors.

2. (Iterative controller evaluation)
2.1. At iteration c (c � 1), Controller i, i 2 I, evaluates its

future input trajectory based on the state trajectories of its
upstream neighbors evaluated at iteration c – 1 and XiðtkÞ.

2.2 Controller i, i 2 I, sends the predicted state trajectory
~xc

i ðsjtkÞ; s 2 ½tk; tk1N � to its downstream neighbors, and
receives the predicted state trajectories of its upstream
neighbors ~xc

l ðsjtkÞ; l 2 Ii; s 2 ½tk; tk1N �.
In Algorithm 2, controllers evaluate their control inputs

and communicate their predicted future state trajectories iter-
atively before the control inputs evaluated at the last itera-
tion are implemented. At the initial iteration (c 5 1),
upstream neighboring subsystem state trajectories are initial-
ized by their predicted future trajectories at the previous
sampling instant tk21. Regarding the termination conditions,
there can be different choices. For example, the number of
iterations c may be restricted to be smaller than a maximum
iteration number c � cmax or the iterations may be termi-
nated when the difference of the performance or the solution
between two consecutive iterations is smaller than a thresh-
old value or the iterations maybe terminated when a maxi-
mum computational time is reached. The startup of
Algorithm 2 may follow the same procedure as Algorithm 1.

DMPC formulation

The proposed design of LMPC i, i 2 I, at a sampling time
tk, iteration c, is formulated as the following optimization
problem

u�;ci ðsjtkÞ5arg min
uiðsÞ2SðDÞ

ðtk1N

tk

½~xiðsÞTQi~xiðsÞ1uiðsÞTRiuiðsÞ�ds

(25a)

s:t: _~xiðsÞ5fið ~X
c21

i ðsÞÞ1gið ~X
c21

i ðsÞÞuiðsÞ (25b)

~X
c21

i ðtkÞ5XiðtkÞ (25c)

uiðsÞ 2 Ui (25d)

@ViðxiðtkÞÞ
@xi

giðXiðtkÞÞuiðtkÞ �
@ViðxiðtkÞÞ

@xi
giðXiðtkÞÞhiðXiðtkÞÞ

(25e)

where u�;ci ðsjtkÞ denotes the optimal solution to the optimiza-

tion problem of Eq. 25, ~xi is the predicted state trajectory of

the nominal subsystem i evaluated at iteration c, ~X
c21

i ðsÞ
denotes the concatenated vector of ~xiðsÞ and

~xc21
l ðsÞ; l 2 Iinfig, where ~xc21

l ðsÞ denotes the state trajecto-

ries of upstream neighbors of subsystem i evaluated at itera-

tion c – 1. The manipulated inputs of the closed-loop system
under the iterative implementation are defined as follows

uiðtÞ5u�;ct

i ðtjtkÞ; t 2 ½tk; tk11Þ; i 2 I (26)

where ct denotes the iteration times when the iteration is ter-
minated. After the iterative controller evaluation is termi-
nated, the corresponding predicted state trajectory of
subsystem i is transmitted to its downstream neighbors.

Stability analysis

The stability properties established for the noniterative
algorithm are maintained for the iterative implementation
because of the stability constraint of Eq. 25e. The stability
properties of the proposed iterative distributed LMPC design
are summarized in Theorem 2 below

Theorem 2. Consider system (2) in closed-loop with each
subsystem controller designed as in Eq. 25 based on
hiðXiÞ; i 2 I, that satisfy the conditions in Eq. 5 with class K
functions aji, j51; 2; 3; 4 and i 2 I. If the distributed control-
lers are implemented following Algorithm 2 and there exist
�i > 0;D > 0, and qi > qsi

> 0 that satisfy the constraint of
Eq. 15 for i 2 I with Lfi ; Lgi

, and Lwi
defined in Eq. 8, and if

xiðt0Þ 2 Xi
qi

and q�i < qi, then the closed-loop subsystem
state xiðtÞ 2 Xi

qi
for all t � t0 and is ultimately bounded in

Xi
q�i

. This also implies that the entire system state is always
maintained in X and is ultimately bounded in X*.

Proof. Similar to the proof of Theorem 1, the proof of
Theorem 2 is divided into two parts. In the first part, we
show that the optimization problem of Eq. 25 is feasible for
all xiðtkÞ 2 Xi

qi
; i 2 I. In the second part, we prove that if the

conditions in Eq. 15 hold and if xðt0Þ 2 X, then x(t) is main-
tained in X and is ultimately bounded in X*.

Part 1. To prove the feasibility, we only have to find an
input sequence that satisfies the constraints of Eqs. 25d and 25e.
Because the input bound of Eq. 25d and the stability constraint
of Eq. 25e remain the same as in the noniterative algorithm at
every iteration, they can be satisfied with the same type of input
sequence with uiðtkÞ5hiðXiðtkÞÞ, and uiðsÞ; s5tk11; . . . ; tk1N21,
being any value in the convex set Ui.

Part 2. If the initial states of all the subsystems at tk are
inside their corresponding stability regions,
xiðtkÞ 2 Xi

qi
; i 2 I. From Eq. 25e and the condition in Eq. 5,

the following inequality can be obtained for the optimal con-
trol input evaluated at iteration c

@Vi

@xi
ðfiðXiðtkÞÞ1giðXiðtkÞÞu�;ci ðtkjtkÞÞ

� @Vi

@xi
ðfiðXiðtkÞÞ1giðXiðtkÞÞhiðXiðtkÞÞÞ � 2a3iðjxiðtkÞjÞ

(27)

Following the similar arguments as in the proof of Theorem
1, it can be shown that if the conditions in Eq. 15 hold, then
the states of all subsystems xiðtÞ; i 2 I, are maintained in
their corresponding stability region Xqi

for all t> t0 and ulti-
mately bounded in Xq�i

if u�;ci ðtkjtkÞ is implemented, which
means that the entire system state x is kept in X all the time
and is ultimately bounded in X*. �

Application to A Reactor-Separator Process

Process description

In this section, we consider a reactor-separator process
which consists of two continuously stirred tank reactors
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(CSTRs) and a flash tank separator shown in Figure 2. In
this process, two elementary reactions take place in the two
CSTRs: A! B and A! C. Pure reactant A is fed into
CSTR 1 at flow rate F10. The effluent of CSTR 1 is fed into
CSTR 2 at flow rate F1 along with another fresh feed of
reactant A at flow rate F20. The effluent of CSTR 2 is fed
into the flash tank at flow rate F2. The bottom product of the
flash tank is removed at flow rate F3. The overhead vapor
from the flash tank is condensed and recycled to CSTR 1 at
flow rate Fr, with a small portion purged at flow rate Fp. A
jacket is equipped with each vessel to provide/remove heat.
The dynamic behavior of the process is modeled by 12 non-
linear ordinary differential equations based on mass and
energy balances under standard modeling assumptions. The
detailed mathematical model can be found in Ref. 37. The
state vector of the process includes the temperatures and spe-
cies concentrations in the three vessels and is defined as
follows

x5½T1; CA1; CB1; CC1; T2; CA2; CB2; CC2; T3; CA3; CB3; CC3�T

where Ti, i 5 1, 2, 3, denote the temperature (K) of the three
vessels and CAi, CBi, CCi, i 5 1, 2, 3, denote the concentra-
tions (kmol=m3) of A, B, C in the three vessels, respectively.
The desired operating point xs is an unstable steady state of
the process and is

xs5½369:5; 3:318; 0:172; 0:042; 435:3; 2:751; 0:466;

0:111; 435:3; 2:882; 0:497; 0:120�T :

The objective is to steer the process state to xs and main-
tain it at xs by manipulating the heat input/removal to/from
the vessels (i.e., Q1, Q2, Q3).

Subsystem LMPC design

The process is divided into three subsystems with respect
to the three vessels. The state vector of subsystem i, i 5 1, 2,
3, is defined as

xi5½Ti;CAi;CBi;CCi�T (28)

It can be verified based on the process model (see Ref.
37) that the dynamics of the three subsystems can be
described in the form of Eq. 1 with

X15½xT
1 ; x

T
3 �

T ;X25½xT
1 ; x

T
2 �

T
, and X35½xT

2 ; x
T
3 �

T
. The control

input of each subsystem is the heat input/removal to/from
each vessel: ui 5 Qi, i 5 1, 2, 3, (kJ / h). We design
ui5hiðXiÞ, i 5 1, 2, 3, using feedback linearization technique.
Specifically, hiðXiÞ, i 5 1, 2, 3, takes the following form

hiðXiðtÞÞ5giðXiðtÞÞ21ð2fiðXiðtÞÞ2axiðtÞÞ (29)

where a 5 2. A quadratic Lyapunov function ViðxÞ5xT
i Pixi is

used with Pi5diagð10; 104; 104; 104Þ. The parameters of the
subsystem LMPC i, i 5 1, 2, 3, are chosen as follows: the
sampling time is D50:025h; the prediction horizon is N 5 5;
the weighting matrices are Qi5diagð10; 104; 104; 104Þ and
Ri51027; the control input is bounded by juij � 106kJ=h.

Simulation results

In this subsection, different LMPC implementations are
compared with the proposed subsystem-based distributed
LMPC algorithms to provide a comprehensive view of the
performance of the proposed designs. Specifically, the pro-
posed subsystem-based distributed LMPC algorithms will be
compared with a centralized LMPC,34,35 a decentralized
LMPC in which the three controllers do not communicate
and a controller assumes that the other two subsystems are
at their steady states, and an iterative cooperative distributed
LMPC.21–23 All LMPC implementations use the same con-
troller parameters and Lyapunov-based controllers.

The same initial condition and disturbance sequences will
be used for each run under different LMPC implementations.
The initial system state is

x05½356:9; 3:227; 0:030; 0:015; 446:5; 2:696; 0:465;

0:125; 446:5; 2:821; 0:530; 0:139�T

In the case where process disturbances are present,
bounded random disturbances are added to the right hand
side of the dynamic equations of the process. The random
disturbances added to the dynamics of the temperatures are
generated as normal distributed noises with zero mean and
standard deviation 10 K=s in the range ½230K=s; 30K=s�.
The random disturbances added to the dynamics of concen-
trations are generated as normal distributed noises with zero
mean and standard deviation 0:01kmol=m3s in the range

Figure 2. Reactor-separator process.

Figure 3. Temperature and input trajectories of the
nominal closed-loop system under the cen-
tralized LMPC (solid line), the decentralized
LMPC (dash dotted line), and the proposed
noniterative distributed LMPC (dashed line).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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½20:03kmol=m3s; 0:03kmol=m3s�. It is assumed that the dis-
turbances remain constant during every sampling period.

In the first set of simulations, we compare the proposed
noniterative distributed LMPC implemented following Algo-
rithm 1 with two typical noniterative MPC configurations:
the centralized LMPC and the decentralized LMPC. The cen-
tralized LMPC optimizes the entire system objective function
based on the centralized system model of Eq. 2. In decentral-
ized LMPC, each LMPC i; i 2 I, optimizes a local objective
function based on the subsystem model of Eq. 1, with the
states of its upstream neighbors xl; l 2 Iinfig, being fixed at
their steady-state values.

We first compare the three noniterative control configura-
tions for the disturbance free case. The temperature and
input trajectories of the nominal closed-loop system under
the three control configurations are shown in Figure 3. In
addition, let us define the performance index as follows

J5
1

F

XtF

tk5t1

xðtkÞTQxðtkÞ1uðtkÞTRuðtkÞ
h i

(30)

where tF50:2h is the simulation time, x(tk) is the entire sys-
tem state at tk, Q5diagðQ1;Q2;Q3Þ, and R5diagðR1;R2;R3Þ.
The performance indices and average CPU times consumed
in a single evaluation by the three control configurations are
shown in Table 1. The results in Figure 3 and Table 1 indi-
cate that the proposed noniterative distributed LMPC algo-
rithm obtains an improved control performance over
decentralized LMPC while maintaining the same computa-
tional complexity. Note that the improved performance is
due to communication of state measurements and predicted
state trajectories between neighboring subsystems.

Next we compare the three noniterative implementations
with process disturbances. Ten Runs with different sequences
of disturbances of each of the three noniterative control con-
figurations are carried out. The performance indices and

CPU times of these runs are shown in Table 2. The results
agree with the conclusions obtained in the nominal case.

In the second set of simulations, we compare the proposed
iterative distributed LMPC implemented following Algo-
rithm 2 with the iterative cooperative distributed LMPC. In
the cooperative distributed LMPC, each local controller is
designed based on the entire process model of Eq. 2 and
optimizes the objective function of the centralized system,
with each local controller communicating future input trajec-
tories with all of the rest controllers at every iteration. The
iteration is terminated if iteration times reaches cmax510 or
if jJcðtkÞ2Jc21ðtkÞj � 1 where JcðtkÞ denotes the objective
function of the entire system evaluated at time instant tk,
iteration c.

We first compare the disturbance free case. The tempera-
ture and input trajectories of the nominal closed-loop system
under the proposed iterative distributed LMPC and the coop-
erative distributed LMPC are shown in Figure 4. A compari-
son of the two iterative DMPC approaches is made in Table
3 with respect to the nominal performance index and total
communication times. The results in Figure 4 and Table 3
show that the proposed iterative implementation obtains a
comparable performance to that of the cooperative distrib-
uted LMPC with more than half communication times
reduced. Note that the proposed iterative implementation
improves the nominal control performance of the proposed
noniterative algorithm.

Table 1. Nominal Performance Indices and CPU Times of

the Centralized LMPC, the Proposed Non-Iterative

Distributed LMPC and the Decentralized LMPC

Centralized
LMPC

Non-Iterative
Distributed

LMPC
Decentralized

LMPC

J 276.5 309.7 346.4
CPU time 12.9 s 1.7 s 1.9 s

Table 2. Performance Indices (J) and CPU Times (CPU) of

the Centralized LMPC, the Proposed Non-Iterative Distrib-

uted LMPC and the Decentralized MPC in 10 Runs

Run #
Centralized

(J, CPU)
Proposed
(J, CPU)

Decentralized
(J, CPU)

1 276.2, 13.8 s 304.5, 2.2 s 363.1, 2.4 s
2 283.7, 14.1 s 306.7, 2.2 s 358.4, 2.5 s
3 283.4, 14.9 s 325.4, 2.5 s 332.6, 2.7 s
4 283.8, 12.2 s 317.7, 2.4 s 353.5, 2.4 s
5 273.2, 14.6 s 307.5, 2.7 s 334.9, 2.4 s
6 280.8, 14.4 s 312.7, 2.6 s 355.5, 2.7 s
7 264.9, 14.9 s 292.3, 2.4 s 346.5, 2.7 s
8 277.4, 14.1 s 306.5, 2.3 s 351.9, 2.4 s
9 279.6, 13.6 s 314.1, 2.8 s 351.3, 2.8 s
10 291.6, 15.9 s 324.7, 2.3 s 362.1, 2.6 s
Average 279.5, 14.2 s 311.2, 2.4 s 351.0, 2.6 s

Figure 4. Temperature and input trajectories of closed-
loop system under the proposed iterative dis-
tributed LMPC (dashed line) and the coopera-
tive distributed LMPC (solid line).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 3. Nominal Performance Indices and Total Communi-

cation Times of the Proposed Iterative Distributed LMPC

and the Cooperative Distributed LMPC

Proposed Iterative
Distributed LMPC

Cooperative
Distributed LMPC

J 297.0 288.1
Communication times 69 162
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Finally, we compare the proposed iterative implementation
with the iterative cooperative distributed LMPC with process
disturbances. Ten runs with different sequences of disturban-
ces for each of the two iterative control configurations are
carried out. The performance indices and total communica-
tion times are shown in Table 4. These results agree with the
nominal case as well.

Conclusions

In this work, we focused on distributed LMPC of nonlin-
ear systems with neighbor-to-neighbor communication. A
noniterative algorithm is first proposed, followed by an itera-
tive implementation to improve the control performance. In
both algorithms, only one-sided communication takes place
from upstream subsystems to their downstream neighbors. In
the distributed LMPC designs, each subsystem LMPC is
based on an auxiliary Lyapunov-based controller that
involves the subsystem state as well as the states of its
upstream neighbors. Sufficient conditions for the closed-loop
stability of the proposed algorithms were derived. Extensive
simulations obtained from a reactor-separator process
showed that the proposed distributed LMPC algorithms pro-
vide a balanced solution among existing LMPC implementa-
tions in terms of implementation complexity and achievable
performance.
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